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Abstract 

We use a complex version of the celebrated Atiyah-Hitchin-Drinfeld- 
Manin matrix equations to construct admissible torsion-free sheaves 
on P 3 and complex quantum instantons over our quantum Minkowski 
space-time. We identify the moduli spaces of various subclasses of 
sheaves on P 3 , and prove their smoothness. We also define the Laplace 
equation in the quantum Minkowski space-time, study its solutions 
and relate them to the admissibility condition for sheaves on P 3 . 
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Introduction 



In |3] we introduced a quantum Minkowski space-time based on the quan- 
tum group SU (2) q extended by a degree operator, and we formulated a quan- 
tum version of the anti-self-dual Yang-Mills (ASDYM) equation with unitary 
gauge group. A remarkable feature of the quantum equations is the natu- 
ral parameterization of their solutions of fixed rank r and charge c by the 
classical Atiyah-Hitchin-Drinfeld-Manin (ADHM) moduli spaces A4 Teg (r,c). 

The theory of ASDYM equations substantially involves the complex struc- 
tures, including the fundamental twistor space of Penrose. It is therefore ap- 
propriate to study also the ASDYM equations with a complex linear gauge 
group on the complexified Minkowski space-time (see e.g. JH]). The corre- 
sponding counterparts of the ADHM moduli spaces .M rcg (r, c) were implicitly 
described by Donaldson in [3J, who in fact used them to construct certain 
holomorphic vector bundles on P 3 related to instantons by the Penrose twistor 
diagram. These holomorphic vector bundles admit a cohomological charac- 
terization |Hj, and are known in the literature as complex instanton bundles 

In this paper, we expand the classical theory of the complex ASDYM 
equations in two related directions. On one hand, we will consider the 
moduli spaces of complex torsion free instanton sheaves on P 3 and show 
that they correspond to extending the moduli spaces of complex instantons 
A4 T ^ s (r,c) to the larger moduli spaces of stable complex ADHM data, de- 
noted by Aic{ r ,c)- On the other hand, we will use the stable complex 
ADHM data to construct complex quantum instantons over the complexi- 
fied quantum Minkowski space-time introduced in 0. In this paper we also 
generalize the classical relation [H] between the admissibility condition that 
determines the instanton bundles and the solutions of the Laplace equations 
by developing the quantum differential calculus. 

The organization of the paper is completely reflected in the title, and 
consists of three sections complemented by three appendices. In Section 1 
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we define the complex ADHM equations and the associated moduli spaces. 
We prove various results about them, including smoothness, dimension and 
non-emptiness of A4c( r , c) and its open subset A*i™ z {r, c) for r > 2. In Sec- 
tion 2, we define and study admissible torsion-free sheaves on P 3 . The main 
result of this section is the characterization of the sheaves corresponding to 
Aic(r, c). Using such characterization we show that the spaces M.c(l, c) are 
empty. We also identify the open subsets of M.c{ r i c) that characterize re- 
flexive and locally-free admissible sheaves. In particular, we verify that the 
moduli spaces of framed complex instanton bundles of rank r and charge c 
over is given by the regular complex ADHM data Ai™ g (r, c) and has the 
structure of a smooth complex manifold of dimension 4rc. In Section 3 we 
recall the definition of the quantum Minkowski space-time and the quantum 
ASDYM equations, and we construct quantum instantons from the ADHM 
data parameterized by the moduli spaces JAc(r, c). At the last subsection we 
define the quantum Laplace equation and produce their solutions from the 
cohomology of an instanton sheaf on P 3 . This extends the phenomenon ob- 
served in our first paper j3] , in the case of anti-self-dual Yang-Mills equation: 
the solutions of the quantum equation are parameterized by the classical data. 
We thus obtain a surprisingly explicit and direct link between the commuta- 
tive geometry encoded into sheaves on P 3 and the noncommutative geometry 
of the quantum Minkowski space-time. We also discuss the consistency of 
the Laplace equations on the two affine parts DJt 1 and UTtg of our quantum 
Minkowski space-time, thus relating the admissibility condition with the non- 
existence of consistent solutions to the quantum Laplace equation. Finally, 
in the three appendices corresponding to each of the three sections we collect 
various background facts and calculations used throughout the paper. 

Our constructions are best reflected by the following triangle, whose ver- 
tices correspond to the objects studied in the three sections: 
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C-stable solutions of the 
complex ADHM equations 



admissible torsion 
free sheaves on P 3 

The solid arrows were established in this paper; the dashed arrow corre- 
sponds to the quantum Penrose transform introduced in [3] and which we 
plan to study further in a sequel to this paper. The completion of this circle 
of ideas will yield a complete characterization of quantum instantons, while 
opening, at the same time, a new perspective in the theory of sheaves on 
P 3 . It should also enhance the direct connection of the commutative geom- 
etry encoded into sheaves on P 3 and the noncommutative geometry of the 
quantum Minkowski space-time. 

Acknowledgment. IF. is supported by the NSF grant DMS-0070551. 
M.J. thanks Eyal Markman for useful discussions. 

1 Complex ADHM equations 

We start with some fundamental definitions and further motivation, before 
formulating our first main result in Section 11.21 

1.1 ADHM data and instantons 

Let V and W be complex vector spaces, with dimensions c and r, respectively, 
and consider maps Bi, B 2 G End(V), i G Hom(W / , V) and j G Hom(V, W). 
This so-called ADHM datum (B\, B 2 ,i,j) is said to be: 

1. stable, if there is no proper subspace S C V such that B k (S) C S 
(k = 1,2) and i(W) C S; 



quantum 
instantons 
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2. costable, if there is no proper subspace S C V such that B k (S) C S 
{k = 1, 2) and S C ker j; 

3. regular, if it is both stable and costable. 

Notice that (£>i, B 2 , i) is stable if and only if the triple (Bl, B%, i*) consisting 
of the dual maps is costable. 

Now, providing V and W with Hermitian structures, we consider the 
so-called ADHM equations (f denotes Hermitian conjugation): 

[B!,B 2 ]+ij = (1) 
[B x ,B\] + [B 2 ,Bl}+i$-^j = £lv (2) 

With GL(V) acting on the set of all ADHM data in the following way: 

g(B kh i k ,j k ) = (gB^g^^gikJ^- 1 ), g £ GL(V) 

we define the following varieties: 

M°{r,c) = {all solutions of (JTJ) and © with f = 0}/[/(V) 

A4(r,c) = {stable solutions of ^}/GL{V) ~ 

~ {all solutions of © and © with f > 0}/U{V) 

M rcg (r jC ) = {regular solutions of (HD}/GL(V) ~ 

~ {regular solutions of ((H) and (j2J with £ = 0}/ U(V) 

It can be shown that A4 TCS (r,c) and A4(r, c) are smooth hyperkahler mani- 
folds of dimension 2rc, with the exception that _M rGg (r, c) is empty for r = 1; 
the proofs are given in Appendix El for they are used in the next section. 
Moreover, .M rcg (r, c) is the smooth locus of the singular variety Ai°(r, c) for 
r > 2, while Ai(r, c) is the minimal resolution of Ai°(r, c) |§1 HUj. 
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1.2 Complex ADHM data 

As above, let V and W be complex vector spaces, with dimensions c and r, 
respectively; Hermitian structures are no longer required. Set W = V © V © 
W, and define also: 

B = Hom(V, y) © Hom(^, V) © Eom(W, V) © Hom(V, VP) 

Let B = B ©B, with B = (B k i, ik,jk) G B (&;,/ = 1, 2) being called a complex 
ADHM datum. As usual, the group GL(V) acts naturally on B and on B, in 
the following way: 

g(B k i,i k ,j k ) = (gB k ig~ l ,gi k J k g~ 1 ), g G GL(V) (3) 

Equivalently, we can think of an element in B as a holomorphic section of 
the bundle B © Cpi(l) by defining: 

B\ = zB n + wB 21 and B 2 = zB u + wB 22 ( 4 ) 

1 = zi\ + wi 2 and J = zji + w_7 2 (5) 

In other words, B = B © H ^ 1 , Opi(l)), with z, iy denoting a basis of 
if°(P 1 , Opi(l)) or, equivalently, a choice of homogeneous coordinates in P 1 . 
In particular, one can also view the maps (j3J) and (J5J) in the following way: 

B u B 2 G Hom(V, V) © H°(F\ O v i (1)) 

ieHom(W,V')®-ff (P 1 ,Opi(l)) and j e Eom(V,W) ® H°(F\O p i(1)) 

The evaluation map ev p : if°(P 1 , O p i(1)) — > C can be tensored with the 
identity to yield maps ev p : B -> B and ev p : Hom(V, V) ®H°(F l , C P i(l)) -> 
Hom(V, V). For simplicity, we use the notation B p = ev p (B). 

Definition. A complex ADHM datum B = (B k i,i k , j k ) is said to be: 

1. C-semistable if there is p G P 1 such that B p is stable; 
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2. C-stable if B p is stable for all p £ P 1 ; 

3. C-costable if B p is costable for all p £ P 1 ; 

4- C-semiregular if it is C-stable and there is p £ P 1 such that B p is 
regular; 

5. C-regular if B p is regular for all p £ P 1 . 

The motivation behind these definitions will be clearer in the next Sec- 
tion: C-stable, C-semiregular, and C-regular will correspond to torsion-free, 
reflexive and locally- free sheaves on P 3 , respectively. In particular, notice 
that B = (Bki,ik, jk) is C-regular if and only if it is both C-stable and C- 
costable. Moreover, if B = (B kh i kl j k ) is C-stable then (Bn, Bi 2 , ii, ji) and 
(B 21 , B 22 , «2, J2) are both stable. 

Proposition 1. If B is C-semistable, then its GL(V) stabilizer is trivial. 

Proof. If B is fixed by some nontrivial g £ GL(V), then B p is also fixed by 
g for all p £ P 1 . Thus, by Proposition IM1 in Appendix 1X1 there is no p £ P 1 
such that B p is stable. □ 

The first main goal of this paper is to study the complex ADHM equations: 

[BmBuj+hj! = (6) 
[B 2 i,B 22 ]+i 2 j 2 = (7) 
[Bn, B 22 ] + [B 21 , B l2 ] + i lj2 + i 2jl = (8) 

which were first posed by Donaldson in [Hj; it is important to note that the 
equations (jBHEl) are equivalent to: 

[B x ,B 2 ]+ij = 0, V{z:w]EF 1 (9) 

It is easy to see that solutions of (jBHHI) ar e preserved by the GL(V) action 
Therefore, we define the moduli space of solutions of the complex ADHM 
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equations as the quotient: 

Mc ^ '= { solutLstfP-S }/ GL{ y) 

Our first main result, to be proved in this Section, states that Aic{ r , c) is a 
smooth, complex manifold of complex dimension 4rc, non-empty for r > 2. 
The strategy of the proof is the same as for Theorem l33l in Appendix El; we 
consider the map 

p. : 1 st -> Hom(V, V) g> H°(¥\ O p i(2)) 
p,(B kl ,i k ,j k ) = [B 1 ,B 2 ] +i] 

where B st denote the open subset of C-stable complex ADHM data. Clearly 
Mc{r,c) = fl~ l (0)/GL(V). We have already established that GL(V) acts 
freely on B st ; we must then argue that jx has a surjective derivative and that 
the GL(V) action has a closed graph. 

Proposition 2. B is C-stable if and only if the derivative map 
Dgfi, : B -> Hom(y, ® ^(P 1 , C P i(2)) 

zs surjective. 

Proof. Considering the maps (k = 1,2): 

<9 fc : B -> Hom(^, V) 
d k = [, B k2 ] + [-B fe i, •] + i k ■ + • j fc 

which can also be regarded as c 2 x (2c 2 + 2cr) matrix. We can then express 
the 3c 2 x (4c 2 + 4cr) matrix of the derivative map Dgfi in the following form: 

Dgfi= \ d 2 d l \ (10) 
V d 2 J 



9 



Our goal is to show that the above matrix has maximal rank 3c 2 if and only 
if B is C-stable. 

So let {hYk=i denote the rows of the matrix d±, and let {l' k }f = i denote the 
rows of the matrix 82', each If., l' k is regarded as a vector in B. As remarked 
above, C-stability is equivalent to the vectors {zl k + wl' k }f =1 being linearly 
independent (as vectors in B) for all [z : w] G P 1 . The rows of the matrix 
{82 di) are then given by {(l' k , lk)}f=i regarded as vectors in B © B. Clearly, 
the matrix (fTUJ) above is surjective if and only if {(If., 0) , (l' k , If.) , (0, l k )}f =1 
form a linearly independent set of vectors in B; this is in turns equivalent 
to the statement that if the coefficients 7 fc are such that £ fc 7 fc /fc G span{/^.} 
and ^ k l k l' k G span{/ fc }, then 7 fc = 0. 

Let L = span{/ fc }£ 2 =1 , L' = speni{l' k }f =1 ; the theorem can then be reduced 
to the following statement: the vectors {zl k +wl' k } c k=1 are linearly independent 
for all [z : w] G P 1 if and only if J2k 7*^fc e L' and J2k 7^* e L i m phes 7 fc = 0. 

First, assume that if ^ k ^ k lk G V and ^ k ^ k l' k G L, then 7 fc = 0. If 
£ fc 7 fe (^fc + wl' k ) = 0, then L 3 J2 kl % = -f E k l% e L>- hence 7 fc = 0, 
and {zl k + wl' k } c k=1 is linearly independent for all [z : w] G P 1 . 

For the converse direction, denote I = L n L'; we can assume that / = 
span{/ fc }^ =1 = span{i' fe }^ =1 . Since £ fc 7 fc /fc, £ fc 7 fe ^ e I, we have 7 fc = for 
k = d + 1, . . . , c 2 . Moreover, for each — 1, . . . , d, we have ^ = Yln=i 9k^n', 
let G be the invertible d x d matrix with entries g k . Therefore, 

d d d 

fc=l k,n=l n=l 

where c n (z, w) are the entries of the vector 7(^1 + wG); note that, by con- 
struction, the matrix (zl + wG) is also invertible for generic [z : w] G P 1 . 
Now, the vectors {/„} are linearly independent, so if £fc = i7 fe (^fc + = 0, 
then c n (z, w) = for each n = 1, . . . , d and for all [z : w] G P 1 . This implies 
that 7 fc = 0, as desired. □ 

As a by-product of our proof, we obtain the following interesting result: 
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— * 

Proposition 3. // the complex ADHM datum B is: 

• C-semistable, then there are at most finitely many points p £ P 1 such 
that B p is not stable. 

• C-semiregular, then there are at most finitely many points p £ P 1 such 
that B p is not regular. 

Proof. Assume that B p is stable for some p = [p\ : p^\ £ P 1 . Then p\d\ +^2^2 
is surjective and its row vectors {pih + P2l k } k=1 are linearly independent as 
vectors in B. We complete {p\lk + P2^}/f = i to a basis of B, and denote by 
H (p) the (2c 2 + 2cr) x (2c 2 + 2cr) matrix formed by such basis. 

As we vary p £ P 1 , we see that detif(p) is a section of (9pi(c 2 ). Hence 
{zlk + wl' k } c k=1 must be linearly independent except for finitely many [z : 
w] £ P 1 , which means that B\ z:w i is stable away from finitely many (up to 
c 2 ) points in P 1 . 

The second statement follows by duality. □ 
Proposition 4. The action (GJ) has a closed graph. 

Proof. Let {X k } be a sequence in B st , while {g k } denotes a sequence in 
GL(V); assuming that 

lim X k = and lim g k - X k = Y 00 , 

k—too k—toa 

we show that the sequence {g k } converges to some g^ £ GL(V), so that 

^OO fi'oO ■ Aqq. 

Using evaluation at p £ P 1 , it follows that: 

lim (X k ) p = (Aoo)p and lim g k ■ (X k ) p = (y oo ) P • 

Hence, by argument in the proof of Proposition EH1 in Appendix [21 we con- 
clude that 

lim g k = 9oo = R((Y OQ ) p ) (Toojp [^((X^) (T^pV' E GL{V) , 

k— too 
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where the map R(X) : W &c — > V given, for X = (Bx,B 2 ,i,j) G B st , by: 

R(X) = i © • • • © B?B%i © • • • © B^B^H , 1 < m, n < c - 1 . 

Note that gR(X) = R(g-X) for any g G and that R{X) is surjective 

if and only if X is stable. □ 

1.3 Existence of solutions 

So far, we can conclude from Propositions ^ and [21 that .Mc( r ) c ) is a smooth 
complex manifold of dimension Arc provided it is non-empty. The case r = 
dimly = 1 is rather special due to the following result: 

Proposition 5. There are no C-stable solutions of JSHSJ) for r = 1. 

The proof will be delayed until the end of Section 12.11 (see Proposition 
ITlj) . However, let us consider here the simplest possible case: r = c = 1. In 
this case, a C-stable solution of (jBEI) reduces to six complex numbers (bki, ik), 
since j\ = j 2 = by Proposition IHH1 Now % is simply a section of Opi(l), so 
it must vanish at one point peP 1 , which implies that ev p (B) is not stable. 

This example also illustrate the fact that there exist C-semistable solu- 
tions of (0(3) which are not C-stable. 

Fortunately, the existence of regular solutions for the real ADHM equa- 
tions Q and for r > 2 can be used to guarantee the existence of C-stable 
solutions of the complex equations. 

Indeed, note that if V are W are provided with a Hermitian inner product, 
then the space of complex ADHM data B acquires a natural involution f : 
B -> B given by: 

t(Sn, B 12 , B 21 , B 22 ,ii,i 2 , ji,j 2 ) = (B f 22 , —B\ x , -Bl 2 , B^jl i\) 

The point B e B is said to be real if it is fixed by f. 

Note that if B is real, then complex ADHM equations (jBHHI) above reduce 
to the usual ADHM equations with £ = 0, by setting B x = B X1 = B 22 , 
B 2 = B 12 = -B\ x , i = z'i = j\ and j = j\ = ~4- 
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Proposition 6. If (Bi, B 2 ,i, j) is a stable (hence regular) solution of (QJ) 
and (0j with £ = 0, then B = (Bi, B 2 , —B 2 , B±,i, —j^ , j,^) is a C-regular 
solution of (013). 

In particular, it follows that Aic(r, c) is non-empty for all r > 2 and for 
all c > 1. Moreover, there is a holomorphic surjective map: 

s : M™ e {r, c) -> 7W rcg (r, c) , Vr > 2, k > 1 

£(B kh i k ,j k ) := (.Bii,-Bi2,«i,ii) 

Clearly, e is surjective, and the fibers e~ 1 (Bi, B 2) i, j) are closed subsets of 
A^ rcg (r, c) of dimension Ire. 

Proof. It is easy to see that (Bi, B 2 ,i,j) satisfies (0) and (J2J) with £ = 0, if 
and only if B as above satisfies (jEHHJ)- Now note that in this case: 

B\ = zB\ — wB 2 , B 2 = zB 2 + wB\ , % = zi — . 

If B is not C-stable, there is [z : w] £ P 1 and a proper subspace S G V such 
that [5j,-B|]|s = and S C ker t) . Thus z^s = for some k £ C, hence 

zzt| s = jfe . jj| s = [5i,B 2 ]|5. Hence Tr(iit| s ) = 0, so that = and 

S C ker $ and (Bi, B 2 ,i, j) is not stable. 

Thus we conclude that B as above is C-stable. However, it is not difficult 
to see that every real, C-stable complex ADHM datum is C-regular. Indeed, 
if B is real, then: 

B 1 = zB u - wB\ 2 B 2 = zB l2 + wB\ } 
i — z%\ — wj{ j = zji + wi\ 

Thus if (Bi,B 2 ,j) is not costable at [z : w], then (Bi,B 2 ,t) is not stable at 
[-w:z]. □ 

Remark 7. It is interesting to note that, differently from the real ADHM 
equations, there are C-stable solutions of $MB) which are not C-semiregular 
(compare with Proposition 13 7|). Indeed, for r = 2 and c = 1, we can take: 
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Furthermore, there are C-semiregular solutions of which are not C- 

regular, for r = 3 and c = 1, we can take: 









i 


i --\ 


i 









ji = (0 1) , j 2 = 0. 



However, as we shall see in Section 3, every C-semiregular solution of (JUS} 
for r = 2 is in fact C-regular. 

Our first man result follows from PropositionEltogether with Propositions 
□ andU 

Theorem 8. Aic(r,c) is a smooth complex manifold of dimension Arc , non- 
empty for r > 2, c > 1. 

Given the close analogy between A4c(r, c) and the varieties A4 ree (r, c) and 
Ai(r, c), we expect A4c(r, c) to be a connected, hyperkahler quasi-projective 
algebraic variety for all r > 2 and c > 1. Indeed, one has for each p £ P 1 a 
holomorphic map e p : A^c( r ; c) — > A^(r, c) induced by the natural evaluation 
map ev p : B — > B introduced above. One can then try to establish various 
properties of Aic( r : c ) by studying various properties (e.g. surjectivity) of 
the evaluation map. 

1.4 Solutions for c = 1 

For c = dim V = 1, the varieties Aic( r , c) can be described quite concretely. 
In this case, Bki are just complex numbers, while ik and can be regarded 
as vectors in W; the complex ADHM equations reduce to: 

hji = «2j2 = i\32 + kh = . (11) 

It is then easy to see that Aic{r, 1) = C 4 x B(r), where B(r) is a smooth 
quasi-projective variety of dimension 4(r — 1), described as follows. 
Setting: 

z'i = (xi • • • x r ) z 2 = (yi • • • y r ) 
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the equations (fTTj) become: 

r r r 

^ x k z k = ^ VkWk = x k w k + y k Zk = . (12) 

k=l k=l k=l 

while C-stability is equivalent to the vectors {x\, . . . , x r ) and (yi, . . . , y r ) be- 
ing linearly independent. 

Then B(r) is the complete intersection of the three quadrics ()12j) within 
the open subset of P 4r_1 = P(H / ® 4 ) consisting of C-stable points. In partic- 
ular, we conclude that A4c(r, 1) is quasi-projective for all r > 2, in partial 
support of our general conjecture. 

2 Sheaves on P 3 

In this section we will characterize A4c{ r ,c) as a moduli space of certain 
sheaves on P 3 . First, we recall the following definition, due to Manin |S|. 

Definition. A coherent sheaf S on P 3 is said to be admissible ifH p (F 3 , S(k)) = 
for p<l,p + k<— 1 and for p > 2, p + k > 0. 

This somewhat mysterious cohomological condition is made natural once 
we recall that, under Penrose transform, locally-free admissible sheaves on P 3 
correspond to (framed) GL(r,C) instantons (see Section E31 below) . With 
a few extra assumptions on £, the admissibility condition becomes a lot 
simpler; let = {z = w = 0}. 

Proposition 9. Let £ be a torsion-free sheaf on P 3 such that £\i x — Of\ 
£ is admissible if and only if H 1 ^ 3 , £(-2)) = H 2 (F 3 , £{-2)) = 0. 

Proof. Let p be a plane containing 1^, e.g. p = {z = 0}. Then £\ p is a 
torsion- free sheaf on p which is trivial at l^. From ^U] we know that: 

H°(p,£\ p (k)) = VK -1 and H 2 (p, £\ p {k)) = VA; > -2 . (13) 
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Now consider the sheaf sequence: 

— > £{k - 1) — ^ £(k) — >£\ p (k)^0 (14) 

Using (HHJ), we conclude that: 

H 3 {F 3 ,£{k)) = H 3 {F 3 ,£{k - 1)) VA; > -2 

But, by Serre's vanishing theorem, H 3 (F 3 ,£(N)) = for sufficiently large 
N, thus H 3 (F 3 ,£(k)) = for all k > -3. 
Similarly, we have: 

H°{F 3 ,£{k - 1)) = H°{F 3 ,£(k)) VA; < -1 

Since £ c — > £**, we have via Serre duality: 

H°{F 3 , £{k)) ^ H°{F 3 , £**{k)) = H 3 {F 3 , £***(-k - 4))* . 

Thus, again by Serre's vanishing theorem, H°(F 3 , £{— N)) = for for suffi- 
ciently large N, so that H°(F 3 , £{k)) = for all k < -1. 
We also have that: 

-> H\F 3 ,£{k - 1)) -> F 1 (P 3 ,^(A;)) VA; < -1 

hence H^F 3 , £(-2)) = implies by induction that H 1 (F 3 ,£(k)) = for all 
k < —2. Furthermore, 

H 2 (F 3 ,£{k - 1)) -> # 2 (P 3 ,£(A;)) -> VA; > -2 

forces F 2 (P 3 , £(fc)) = for all k > -2 once H 2 (F 3 , £(-2)) = 0. □ 

In this section we will concentrate on framed admissible torsion-free sheaves, 
that is a pair (£, <ft) consisting of an admissible torsion-free sheaf such that 
the restriction £\t ao is trivial plus a framing : £\e oa — > C^ k£ - We will 
show that the moduli space of framed admissible torsion-free sheaves can 
be parameterized by C-stable complex ADHM data. More about admissible 
sheaves in general can be found at jjj- 
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2.1 From ADHM data to sheaves 

Let (Biafiicjk) be a complex ADHM datum; combining constructions of 
Donaldson [3] and Nakajima [TO], we define the monad: 

V®0 ¥ z{-1) -^W®0 ¥ z -^Uv ®Op3(l) (15) 

where the maps a and (3 are given by: 

(2.B11 + wB 2 i + x \ 
zBi2 + wB 22 + y (16) 
*7l + wj 2 J 

(3 = ( -zB 12 - wB 22 - y zB n + wB 21 + x zi x + wi 2 ) (17) 

Proposition 10. (3a = if and only if (Bki,ik,jk) satisfies the complex 
ADHM equations ^MB- 

The proof is a straightforward calculation left to the reader. It follows 
from Proposition El that £ = ker/5/Ima, the first cohomology of the monad 
(j!5Jl . is a well-defined coherent sheaf on P 3 . We will now check that 8 is the 
only nontrivial cohomology of (|15|). It is easy to see that GL(y)-equivalent 
complex ADHM data will produce isomorphic cohomology sheaves. 

Proposition 11. ax is injective away from a subvariety of codimension 2. 

In particular, a is injective sheaf map. 

Proof. It easy to see that a is injective on the line = {z = w = 0}. So 
consider a point X = [x : y : z : w] G P 3 \ and take v G V such that 
&x(v) — 0, that is: 

{(zB n + wB 21 )v = -xv 
[zB 12 + wB 22 )v = -yv (18) 
(zji + wj 2 )v = 

Thus v is a common eigenvector of zB\\ + wB 2 \ and zB\ 2 + wB 22 , with 
eigenvalues — x and —y, respectively. Hence, for fixed z, w ^ 0, we conclude 
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that x and y may assume only finitely many values. In other words, ax niay 
fail to be injective only at points of the form [x = x(z, w) : y — y(z, w) : z : 
w], so ax is injective away from a codimension 2 subvariety (which does not 
intersect ioo). □ 

The following is the key result in the monad construction, and further 
justifies our concept of C-stability: 

Proposition 12. (3 is surjective if and only if (B k i,i k , j k ) is C-stable. 

Proof. Again, it is easy to see that (3 is surjective on the line = {z = 
w = 0}. So it is enough to show that the localization of (3 to all points 
X = [x : y : z : w] G P 3 \ £oo is surjective. 

Equivalently, we argue that if (B k i,i k ,j k ) is C-stable, then the dual map 
j3 x is injective for all X e P 3 \ £oo- Indeed, (3 X is not injective for some 
[x : y : pi : P2], then there is v G V such that: 

Bi(pi,p 2 )*v = xv 

B 2 {pi,p 2 )*v = -yv (19) 

t(Pl,P2)*V = 



which, by duality, implies that yBi(pi, p 2 ) , B 2 (pi, p 2 ) ,i(pi, P2) J is not stable. 
Thus (B k[ ,i k , j k ) is not C-stable. 

The converse statement is now clear: if (B k i,i k , j k ) is not C-stable, then 
by duality f3* x is not injective for some [x : y : z : w], hence (3 cannot be 
surjective. □ 

In order to further characterize the cohomology sheaf £ = ker/3/Ima, let 
[H] denote the generator of #*(P 3 ,C), i.e. [H] = Ci(£> p3 (l)). 

Proposition 13. The cohomology sheaf £ = ker/3/lma is an admissible 
torsion-free sheaf on P 3 , with ch(£) = r — c[H} 2 . Moreover, £\e x is trivial. 

Proof. For the admissibility of £, set K, = ker/3. From the sequence 

-> /C -> W ® O p:i -> V® O p s{1) -> (20) 
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we obtain, after tensoring ()2(J|) by 0^{k), the exact sequence of cohomology: 

V^H p ^{F 3 ,0 ¥3 {k + l)) ^ H p {F 3 ,JC{k)) ^W®H p {F 3 ,O p3 {k)) 

which implies that H P (F 3 , /C(fc)) = for p < 1, p + k < —1 and for p > 2, 
p + k > 0, since the two groups at the ends are zero in this range. Next, from 
the sequence: 

0^y®O P a(-l) — >£^0 (21) 
we obtain, after tensoring (|2"U|) by Cp3(fc), the exact sequence of cohomology: 

H p (F 3 ,IC{k)) -> iP(P 3 ,£(A;)) -> V <g> # P+1 (P 3 , O p3 (fc - 1)) 

and hence if p (P 3 , £(&)) for p < 1, p + k < — 1 and for p > 2, p + k > 0, since 
the third group also vanishes in that range. 
To compute ch(£), just notice that: 

ch(£) = ch(W ® C P a) - ch(V <g> Ops(-l)) - ch(V ® Ops(l)) 

since £ is the only non vanishing cohomology of the monad ()15|1. The trivi- 
ality of also follows easily from the construction, see 

It remains for us to show that £ is torsion-free. First, notice that K is 
a locally-free sheaf, since j3x is surjective for all X e P 3 (see the proof of 
Proposition I12J). Moreover, as it was pointed out in the proof of Proposition 
fTT| the ax is injective away from a subset of codimension 2 in P 3 . Applying 
Proposition HOI in Appendix O to sequence pTjl . we conclude that £ must be 
torsion- free. □ 

We are finally in position to prove Proposition El by looking at the corre- 
sponding sheaves on P 3 . 

Proposition 14. There are no admissible torsion-free sheaves £ on P 3 with 
ch{£) = l-c[H} 2 . 
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Indeed, if there were C-stable solutions of (0|BJ) for r = 1, the monad con- 
struction would produce admissible torsion-free sheaves £ such that ch(£) = 
1 — c[H} 2 . So the above result implies Proposition El 

Proof. First note that £** ~ (9 P 3, since £** is reflexive of rank 1 (hence 
locally-free) and c\(£**) = c\(£) = 0. So £ is an ideal sheaf fitting in the 
sequence 

0->£^e> P 3^Q->0, Q = C p;i /^ . (22) 

Note that ch(Q) = c[if ] 2 , and that Q is the structure sheaf of a 1-dimensional 
subscheme s : £ c -» P 3 (i.e. Q = s*(9s). 

After twisting the sequence (|22j) by Ops(k) and using admissibility, we 
get that /i°(P 3 , Q{k)) = for all k < —2, hence the E = suppQ contains no 
0-dimensional components. Moreover, /i 1 (P 3 , Q(&)) = for all k > —2; in 
particular 

/i°(E, O e ) = /i°(P 3 , Q) = X (P 3 , Q) = 2c , 

so that £ consists of 2c connected components Ei, • • • , E2 C . 

For each connected component E a , we have that 
X(P 3 , OsJ = x(£ a> CsJ = 1. It follows that E a is a smooth P 1 , so £ must 
be the ideal sheaf of 2c lines in P 3 . But it is easy to check that the Chern 
character of the ideal sheaf of 2c lines in P 3 is given by 1 — 2c[H] 2 + 2c[H] 3 , 
leading to a contradiction. □ 

2.2 From sheaves to complex ADHM data 

The first step of the reverse construction is essentially provided by Manin 

m 

Proposition 15. Every admissible torsion-free sheaf £ onP 3 can be obtained 
as the cohomology of the monad 

O^V® Pps(-l) W (g> C P 3 v' <8> Pps(l) -> , (23) 

w/iere V = if^P 3 , £ <g> fi|a(l)), W = ^(P 3 , £ ® fi p3 ) and V' = tf 1 ^-!)). 
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Proof. Manin proves the case £ being locally-free in (SJ p. 91], using the 
Beilinson spectral sequence. However, the argument generalizes word by 
word for 8 being torsion-free; just note that the projection formula 

holds for every torsion- free sheaf J 7 , where p\ and P2 are the natural projec- 
tions of P 3 x P 3 onto the first and second factors. □ 

So let £ be an admissible torsion-free sheaf on P 3 with ch(£) = r — c[H] 2 
and such that 8\i 00 is trivial. It remains for us to show that the monad in 
Proposition El can be reduced to a C-stable solution of the complex ADHM 
equations (jUHHI)- A lengthy but straightforward cohomological calculation 
(see Appendix |HJ shows that: 

^(P 3 ,^ (g)O^(l)) =/i 1 (P 3 ,f(-l)) = c , h 1 (F 3 ,S®n 1 P ;) = c + 2r 

and that there is a natural identification V ~ V . 

Now, a G Hom(V,H>)® J ff°(P 1 ,C P i(l)) and/5 G Hom(H>, y)®/7 (P 1 , C P i(l)), 
and we can express these maps in the following manner: 

a = a>\x + aiy + a^z + a^w and a = (3\X + fay + fizz + /^w; 

where, clearly, ot k G Hom(V, and G Hom(W / , V) for each /c = 1, . . . , 4. 
The condition j3a = then implies that: 

(3 k a k = , fc = 1, . . . ,4 

/SfcCt/ + Piak = , fc, / = 1, . . . , 4 and k ^ I 
Restricting to the line at infinity ^ = {2 = w = 0} we get: 

- V ® Op 3 |U-l) ^ ^ ® PpsI/cc ^ ^ ® Police (1) -> 

where = «ix + a^y and /3oo = (3±x + /^J/- Setting /C = ker (3 we have: 
0^V®O e (-1)2?* K\ t — > E\ t ^0 

too V / Koo I too 
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from the associated long exact sequence of cohomology we conclude that 
H'iioo, /CkJ = and H\l^ JC\ ioo ) ~ H ^, S\ ioo ) ~ £ P , for some P e 4c, 
since if p (4o, O too (-1)) = 0, for p = 1,2, and since £| £oo ~ 0g\ We set 
W = if (£00, /CI^J; the choice of a basis for W corresponds to the choice of 
a trivialization for £L . 

I ^ 00 

Similarly, from the sequence 

- /cl — > W © O loo ^ V © 0^(1) - 

we obtain: 

-> W — ► W ^ V © H ^, O ioo (l)) -> (24) 

since H ^^, On J) ~ C and if 1 (£ oc , /Cj^) = 0. Then using the identification 
i^ (£ oo , 0^(1)) ~ Cx © we can rewrite (jIMjl in the following way: 

-(£) 

-»• 7/ — > W V — > V © 1/ -»• (25) 

so that 7/ = ker /?i n ker (3 2 . 

Applying the same argument to the dual monad: 

- v* © Ops| <ao (-i) ^ w* © OpaL ^r® 9p»k»(i) -> 

we have the exact sequence: 

/ ai 

O^^^ocker^}) — >VT v — >' V*®V* 

which implies that (ot\ a 2 ) : l^ffiV — > W is injective. Moreover, the sequence 
(I25J) splits, and we can identify ~ V © V © W. 
Furthermore, notice that 

ker /?i/Imai ~ £[1,0,0,0] — — ker (3i fl ker (3 2 ■ 

Thus Ima! fl ker (3 2 — 0, so that (3\a 2 = —(3 2 a.i : V — > V are isomorphisms. 
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Therefore we have: 

fti = ( l v ) 

& = ( -V ) 
and the condition fta = implies that: 

ft 3 = ( -B 12 B n % x ) 











Oil = 











V o j 















"3 = 






-D22 











fti = ( — -B22 -B21 H ) 

with (-Bfc/, ifc, jk) being a complex ADHM datum satisfying the complex ADHM 
equations (jBHHJ)- The surjectivity of ft implies the C-stability of (Bki,ik, jk), 
by Proposition H21 Summing up, we have proved: 

Theorem 16. There is a 1-1 correspondence between the following objects: 

• framed admissible torsion-free sheaves on P 3 , and 

• C-stable solutions of the complex ADHM equations. 

In particular, the moduli space of framed admissible torsion-free sheaves S on 
P 3 with ch(£) = r — c[H} 2 is a smooth complex manifold of dimension Arc, 
non-empty for r > 2. 

2.3 Locally-free admissible sheaves and complex in- 
stant ons 

We will now describe necessary and sufficient conditions that guarantee that 
the cohomology sheaf of the monad (|15J) is locally-free. Recall that ax de- 
notes the localization of the map a to a point X £ P 3 . 

Proposition 17. ax is injective for all X £ P 3 if and only if (Bki, ik,jk) is 
C-costable. 
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Proof. Since a is injective on the line = {z = w = 0}, it is enough to 
show that ax is injective for all X = [x : y : z : w] E P 3 \ £oo- 
Indeed, take v E V such that otxiv) = 0, hence: 




But (B k ,j,j) is costable for all (z,w) E C 2 \ {0}, therefore v = 0. 

Conversely, if (B kh i k ,j k ) is not C-costable, there are (A, ji) E C 2 \{0} and 
a proper subspace S C V such that [5i,i?2]|s = and S C kerj. Therefore 

Ot[x:y:\:fj](v) = for all V E S. □ 

Thus if B = (B k [,i k ,j k ) is C-regular, then ax is injective and (3x is 
surjective for all X E P 3 , so that the quotient ker fix/Imctx is a vector space 
of dimension r for all X E P 3 . We conclude that: 

Corollary 18. The cohomology sheaf £ is locally-free if and only if(B k i, ik,jk) 
is C-regular. 

Remark 19. As it was pointed out in Remark [7[ there are solutions of the 
complex ADHM equations which are C-regular but not C-stable. Therefore, 
there exist admissible torsion-free sheaves which are not locally-free. The 
basic example is the cohomology £ of the monad: 

Pps(-l) AO® 4 ^0 P a(l) 
f x\ 



a 



V 




and (3 = (—y x z w) 

\o/ 

It is easy to see that /3 is surjective for all (x, y, z, w) E P 3 , while a is injective 
provided x, y ^ 0. It then follows from applying Proposition 021 to sequence 
(|21[) that £ is torsion-free, but not locally-free. In particular, the singularity 
set of £ (i.e. the support of £**/£) consists of the line {x = y = 0} C P 3 . 
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Rank 2 locally-free sheaves £ with ci(£) = and H°(F3,E(-1)) = 
i/ 1 (P 3 , £{— 2)) = are also known in the literature as mathematical (or com- 
plex) instanton bundles (see [T2*l Ho] and also [2] for more recent references 
and a brief survey of the subject); it is easy to see, via Serre duality, that 
these are admissible. They correspond, via the Penrose transform, to holo- 
morphic vector bundles with SL(2, C) anti-self-dual connections on M, the 
complexified compactified Minkowski space-time (see [TS]; recall also that M 
is just the Grassmaniann of lines in P 3 ). The integer c = 02(f) is also called 
the charge of the complex instanton bundle £. 

For rank r > 2, a complex instanton bundle is an admissible locally- 
free sheaf and a framed complex instanton bundle is a framed admissible 
locally-free sheaf. Clearly, the moduli space of equivalence classes of framed 
complex instanton bundles fibers over the moduli space of equivalence classes 
of complex instanton bundles, with fibers given by PGL(r,C), the set of 
all possible framings. It follows that the moduli space of framed complex 
instanton bundles of rank r > 2 and charge c > 1 is exactly Ai^ g (r, c), the 
open subset of A4c(r, c) consisting of the orbits of C- regular solutions of the 
complex ADHM equations (jBHHJ). 

Determining the irreducibility and smoothness of the moduli space of 
rank 2 complex instanton bundles with charge c is a long standing question, 
see [2] for a recent short survey of this topic. As a special case of Theorem 
E3 we obtain a strong result along these lines: 

Corollary 20. The moduli space of framed complex instanton bundles of rank 
r > 2 and charge c is a nonempty, smooth complex manifold of dimension 
Arc. 

We remark that framed complex instanton bundles are always /i-semistable, 
see |T21 p. 210]. It would be interesting to compare the admissibility and 
semistability condition, and determine under what necessary and sufficient 
conditions admissible torsion-free sheaves are /i-semistable, and vice-versa; a 
few results along these lines have been obtained by the first author in 
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2.4 Reflexive admissible sheaves 



Reflexive sheaves on P 3 have been extensively studied in a series of papers by 
Hartshorne [3], among other authors. In particular, it was show that a rank 
2 reflexive sheaf on P 3 is locally-free if and only if c^{T) = 0. Therefore, we 
conclude: 

Proposition 21. (Hartshorne ppj There are no rank 2 admissible sheaves 
on P 3 which are reflexive but not locally-free. 

The situation for higher rank is quite different, though, and it is easy to 
construct a rank 3 admissible sheaf which is reflexive but not locally- free. 
Setting r = 3 and c = 1, consider the monad: 



O p3 (-l) 



« 4 a 



a 



( x\ 

y 
o 
o 

V * / 



and (3 = (—y x z w 0) 



Again, it is easy to see that (3 is surjective for all (x, y, z, w) G P 3 , while a is 
injective provided x,y, z ^ 0. It then follows from applying Proposition 0U1 
to sequence (|2*T|) that £ is reflexive, but not locally-free; its singularity set is 
just the point [0 : : : 1] G P 3 . 

Proposition 22. The cohomology sheaf S is reflexive if and only if B is 
C-semiregular. 

It then follows from Hartshorne's result that every C-semiregular solution 
of the complex ADHM equations for r = 2 is C-regular, as we claimed in 
Remark [7| the example of a properly reflexive admissible sheaf corresponds 
to the properly C-semiregular solution of the complex ADHM equations for 
r = 3 given in Remark [7| 
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Proof. If B is C-semiregular, then B p is costable for all but finitely many 
p G P 1 (see the observation following Proposition EJ). This means that ax 
is injective for all but finitely many X G P 3 . Thus, by Proposition 021 the 
cohomology sheaf £ is reflexive. 

Conversely, if £ is reflexive then ax is injective for all but finitely many 
X G P 3 . It follows that B p must be costable for all but finitely many p 6 P 1 , 
and B is C-semiregular. □ 



3 Quantum instantons 

In this section we will adapt the ADHM construction of instantons to obtain 
complex quantum instantons (cf. [I]) from C-regular solutions of the complex 
ADHM equations. For the convenience of the reader, let us first recall the 
essential definitions from our previous paper. 

3.1 Quantum Minkowski space-time 

In j3], we defined the quantum compactified, complexified Minkowski space 
9Jl Pi q as the associative graded C-algebra generated by zu>, z\ 2 i, z 2 v, Z22', D, D' 
satisfying the relations (}2l)j) to (J30J) below (p = q ±x are formal parameters): 

Z\\'Z\2' = ZV2'Z\V Z\\'Z2V — z 2VZ\\i 

Z\2'Z22' = Z22'Z\2' ^21' ^22' = #22' ^21' (26) 

Z\2'Z2V = ZiyZ\2i 

q~ 1 (zu>z 2 2> - z 12 'Z 2 v) = q(z 22 >zni - z 1 2>z 2 v) (27) 

Dzu' = pq~ x Z\\iD D'zur = p^q^ZiyD' 

Bz X 2> = pq~ l z l2 >D D'z 12 , = p~ l qz 12 ,D' 

Dz 2 v = pqz 2 yD D' ' z 2V = p~ l q~ x z 2V D' 

Dz 2 2> = pqz22'D D'z 22 > = p~ 1 qz 22 >D' 

p- x DD' =pD'D (29) 
q~ x {z\yz 22 i - Ziyz 21 >) = p~ x DD' (30) 
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Localizations of 9Jl Piq with respect to D and D' lead to two "affine patches" 
9R q and Wl 3 q , respectively. More precisely, the new generators: 

x rs > = -jy and y rs > = — 

satisfy the relations: 

Xll'X 12 ' = Xi 2 'Xu>, X 2 l'X 2 2' = X 2 2'X 2 l', (31) 

[xw, x 22 >] + [x 2 y, xiy] = (32) 

(33) 



XU'X21' = q 2 X2\'X\y, Xi2'X 2 2' = q 2 X 22 iX\ 2 
X 2 yX\ 2 i = q 2 X\2'X2V 



and 



ywyw = q 2 y\2>y\v, yivyw = q 2 y22>y2v 
yniyiv = q 2 V2vy\2> 



ywyiv = y2vyw, ywy22> = y22'yw, (34) 

[yw, 2/22'] + [yi2>, 2/2i'] = (35) 

(36) 

i.e. Tl\ = Tl Pig [D- 1 ] = C[X 1 V,X 1 2>,X21>,X22'}/§H-[M ■ 

and Wl q = m m [D'- 1 ] = C\y lv ,yv2f,y2v,y^l^-^M ■ 
These two algebras can be made isomorphic after inverting the determi- 
nants det(x) = X1VX22 1 — x\2'X2v and det(y) = ywy22' — Z/2i'2/i2'- Note that 
det(x) = det(y)" 1 = One has: 

^[det^-^^fdet^)- 1 ] (37) 

, x kV 
where y kV = . 

aet{x) 

We denote DJl IJ the isomorphic algebras in (JHZJ). 

Let us now focus on Wl q ; all observations below will also apply to DJt q . 

It follows immediately from the commutation relations (|31H33|) that any 
element of 971* can be presented as a sum of monomials of the form: 

ry ll' ryt 12' ,-y» 2l' ,-yt 22' />-} C\ ( 

11' 12' 21' 22' ' ^ij ^ou y 
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Moreover, it is easy to see directly from (|31H33|) . and it is also proven in jU 
Theorem 21], that these monomials are linearly independent and therefore 
form a basis of DJl l q . An element / G 971* has degree d if it is a sum of 
monomials (|HS|) with n u r + n 12 > + n 2 y + n 22 ' = d. 

A concise form of the commutation relations (|31H33)) can also be expressed 
in terms of an i?-matrix: 



7? 1 



12 



/ 


p~ l 








\ 




q~ l 


p" 1 — q 









p^ 1 — q^ 1 


q 







V 








p-l 


) 



p = q 



±i 



(39) 



Setting 



X 



Xll' Xl2> 
%2V %22> 



and defining Xi — X ® 1 and X 2 — 1 ® X, the relations (|31H33j) become 
equivalent to the identity: 



R\ 2 XiX 2 — X 2 XiR\ 
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We define the module of 1-forms over denoted by , as the 971* 



bimodule generated by: 



dX 



dxw dx\ 2 i 
dx 2V dx 22 i 



satisfying the following relations (written in matrix form): 

R\ 2 X\dX 2 = dX 2 Xi(R^ 2 



(40) 



where dX 2 = 1 <g> dX and R l 21 = Q x X Q 2 R 2 \Q X l Q 2 

Similarly, the module of 2-forms is the 9Jt*-bimodule generated by 
dx rs i A dxkv satisfying the relations (written in matrix form): 



R\ 2 dX x A dX 2 = -dX 2 A dX x {R l 2l 



1 \-i 



(41) 
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where dX 1 = dX <g> 1. The module splits as the sum of the submodules: 
= DJl^dxu' A dx 12 ', dxi\i A <ix 22 ', cfaai' A dx 2 2> — dx\ 2 > A <ix 2 i') (42) 

= DJl J q {dxii> A dx 2 i>, dx\i< A cfe 22 ', darn' A dx 2 2> + cZxi 2 / A dxav) (43) 

which can be regarded as the modules of self-dual and anti-self-dual 2-forms, 
respectively. 

Finally, the action of the de Rham operator d : 971* — > fi^p is given on 
the generators as x rs > i— > c/aVs'j and it is then extended to the whole VJl 1 by 
C-linearity and the Leibnitz rule: 

d(fg) = gdf + fdg (44) 

where /, g G 971* . One also defines the de Rham operator d : fl^ — > on 
the generators as fdx rs i i— > d/ A cfe rs ', also extending it by C-linearity and 
the Leibnitz rule flEJ). Relations (JH| and (JUJ) imply that d 2 = 0. 

Now let E be a right 9Jt*-module. A connection on E is a C-linear map: 

V : E -> £ O^p 

satisfying the Leibnitz rule: 

V(<7/)=<7®# + V(<7)/ 

where / G 971^ and a G -E. The connection V also acts on 1-forms, being 
defined as the C-linear map: 

V : E ® m i q fi^i -> £ <g> OT i fi^i 

satisfying: 

V(a (g) = cr ® do; + Vcr A uo 

where u> G fl^ . 

Moreover, two connections V and V' are said to be gauge equivalent if 
there is g G Autg^-E) such that V = g~ 1 Vg. 
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The curvature Fy is defined by the composition: 

F E ® m i q fi^ji F (8>gj^ fi^ji 

and it is easy to check that Fy is actually right 9Jtg-linear. Therefore, Fy can 
be regarded as an element of End OT i (F) . Furthermore, if V and V 

are gauge equivalent, then there is g G Aut OT i(F) such that Fy = g~ x Fyrg. 
A connection V is said to be anti-self-dual if Fy G End OT i (F) . 

Definition. ^4 complex quantum instanton over 9Jt Pi q consists of the follow- 
ing data: 

1. finitely generated free right and dJl^-modules E\ and Fj; 

2. anti- self- dual connections Vi and Vj on E\ and Fj, respectively; 

3. an isomorphism V : Fi[det(x) _1 ] — > Fj[det(y)~ 1 ] satisfying VjT = 

rvi. 

The attentive reader will notice that in our previous paper [3] we defined 
a quantum instanton as a pair consisting of a projective module and an 
anti- self- dual connection. As we will see below, the modules produced via 
ADHM construction are actually free, and we will use the above definition 
in this paper. The construction of projective modules which are not free is 
an interesting direction for future research. 

3.2 Construction of complex quantum instantons 

We will use a variation of the celebrated ADHM construction of instantons 
P to construct complex quantum instantons from C-stable solutions of the 
complex ADHM equations (jBHHJ)- 

To begin, let (Bki,ik, jk) G B be a complex ADHM datum, and consider 
the maps: 

v ® m\ w®m\ v®vii l q 
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defined as follows: 

/ B n ® 1 - 1 ® x iv \ I B 21 ® 1 - 1 ® x 2 i' 

«i = -B12 (g> 1 — 1 <g> X12' and a 2 = B 22 (g> 1 — 1 (g) x 2 2' 

fa = ( -5i2 <g> 1 + 1 <g> x 12 > B 1X <g> 1 - 1 ® z u , z'i ® 1 ) 

Aa = ( -^22 ® 1 + 1 ® x 22 ' B 2 i ® 1 - 1 ® ac 2 i' ia ® 1 ) 

Proposition 23. (-Bj«, ik,jk) satisfies the complex ADHM equations J^H^ 
and on/y £/ie following identities hold: 

thai = P2d 2 = (45) 
&ai + Aa 2 = (46) 
Proof. It is easy to check that: 

Pxai = ([B u , B 12 ] + iijt) ® 1 + 1 ® [%', a?iy] 

/3 2 a 2 = ([-B 2 l, .622] + «2j2) ® 1 + 1 <8> [a; 2 i', ^22'] 

f3 2 ai+(3 1 a 2 = ([Bn,B 22 ]+[B 2 nB 12 ]+i 1 j 2 +i 2 j 1 )^l+l^([xn',x 2 2']+[x 21 > } x 12 >]) 
so that the statement follows easily from the commutation relations ()31|) and 



□ 

For points P = [pi : p 2 ] and Q = [qi : c/2] in P 1 , we consider maps: 

a Q = giai + q 2 a 2 : V ® M l q ^ W ® Wl\ 
It is easy to see that if B satisfies (j45H46J) . then: 

Pp®Q = (PlQ2 ~ P2Ql)Pl<*2 (47) 

Proposition 24. Assume that B satisfies the complex ADHM equations j^5| - 
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1. fipotQ is injective for all P ^ Q £ P 1 . 

2. (3p is surjective if and only if Bp is stable. 

In particular, j3p is surjective VPgP 1 if and only if B is C- stable. 

It also follows easily that «q is injective V Q £ P 1 , so that Im ctg is a free 
submodule of W ® SDtL of rank c. Furthermore, ker /3p fl Im «q = {0} for all 

Proof. For the first statement, it is enough to show that (3\Ot2 is injective, by 
(J3ZJ). Note that any (/Gl/® 3Jl^ can be presented as a sum v = v d + z/ d _i + 
• • • + vq where 

v d = ^2 Vk ® ^' ' ^fe e ^ /fc e 3TtJ has degree d , 

so that (3\Ot2{y) = {xwXii' — Xi 2 'X 2 i')^+(terms of lower degree). 

We argue that the endomorphism of DJl q given by the multiplication by 
(X11/X22' — xi2'X2v) is injective. In fact, we can present an element / £ Wl q 
in the basis of monomials (|38|) . Let us choose the lexicographic order of such 
basis, i.e. {n iv , ra 12 /, n 2 r, n 22 ') > (m n >, m 12 >, m 2 v, m 22 ') if > wiii', or 
nn' = an d «-i2' > WI12') or ran' = m\v and ni 2 ' = mi 2 / and n 2 i/ > m 2 i/, 
or nn/ = fniv and ni 2 / = mi 2 / and n 2 v = n r i2V and n 2 2' > m 2 2'- Then the 
commutation relations (j31H32|) imply that, in this basis, the multiplication by 
Xiji increases the exponent n^i by 1 and multiplies its coefficient by a power 
of q. Thus the multiplication by (xwX22' — x\2'X2v) of a polynomial with a 
nonzero leading monomial of the form (|3*Hj) will yield a polynomial with a 
nonzero leading monomial of the form x 7 ^}' +1 x^f x 2v' x 22? ' +1 • Thus indeed, 
multiplication by (iiii 2 2' — %i2'%2v) induces an injective endomorphism of 
yjl q , as desired. 

Now, if Pia2(v) = 0, then {xwX22' —x\2'X2v)^d = 0, which in turn implies 
that Vd — 0; by induction on d, we conclude that v = 0. 
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For the second statement, consider the following polynomial algebras for 
each [pi : p 2 ] G P 1 : 

Xp = < C[PiXii'+P2X 2 i' , P1XW+P2X22'} and Xp = C\p 2 x lv -p 1 x 2 i',p2Xi2'-piX22'} 

as commutative subalgebras of clearly, %R q = xp ® Xp/ ~: where by 
"~" we understand the commutation relations between the generators of xp 
and those of Xp, which can be deduced from fl31H32)) . 

As in Proposition 10], we see that, for each P G P 1 , /3p restricts to a 
map Pp\ XP : W <E> Xp ~^ V ® XP; and that (3p = (3p\ XP ® l x — To complete 
the proof, recall from [TOJ Lemma 2.7] that /3p\ XP is surjective if and only if 
Bp is stable. □ 

Now we consider the maps a : (V®V)®Wll -> W®m l q and : iy®9Jt* -> 
(V © V) (8) 9Jl^ given by: 

a = ( ai a 2 ) and j3 = 

If i? satisfies the complex ADHM equations, the identities in Proposition 1231 
imply that H = /3 a = /Ji^lc 2 - It follows that H is injective; in particular, a 
is injective and Im a = Im «! Im a 2 is a free submodule of W <g) 9Jt*, of 
rank 2c. Moreover, ker /3 D Im a = {0}. 

Proposition 25. 7/5 is a C-regular solution of the complex ADHM equa- 
tions, then the map (3\a 2 : <g> — »• V" <g> is an isomorphism; if (5\a 2 is 
an isomorphism, then B is C-stable. 

Proof. We already know that (3\Oc 2 is injective. If B is C-regular, then f3\a 2 
is also surjective in the classical case q — 1. Since dimcoker /3i<y 2 cannot 
jump for generic value of the parameter q, we obtain the first statement. 

Now if f3\a 2 is an isomorphism then, according to (|47j). /3p is surjective 
for all P G P 1 ; thus B is a C-stable by Proposition El □ 
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In particular, if B is a C-regular solution of JBJIBJ), then S = /3a is an 
isomorphism, and we define the map: 

P : ® 9JlJ -»■ # <g> art J 

and notice that P 2 = P, i.e. P is a projection. Note that: 

Im(P) = ker (3 = ker (3i U ker [3 2 ■ 

The right 9Jt*-module E = Im(P) is finitely generated and stably-free, since 
ker P = Im a is free (a is injective) and E © ker P = W <g> OJt* . Furthermore, 

is Noetherian and every stably-free module over a noetherian ring is free. 
Thus we conclude that E is a free OK^-module. 

A connection V on E can be easily defined via the projection formula, as 
usual: 

where t is the natural inclusion. 

We recall that V can be associated to a connection form A £ End(W)(g>, 
so that V = Va = d + A, see jU page 485]. Furthermore, there is a gauge 
in which A = = -(cM/- 1 )^ for an isomorphism \P : W <g> -> P |H 

page 494]. 

Proposition 26. V anti-self-dual. 

The argument here is again very similar to the one in jU Proposition 14]; 
we repeat it here for the sake of completeness. 

Proof. Note that Py = VV = PdPd; therefore we have: 

P v = P (d(l mH - a-" 1 /^) = P (dc£-\dfy = 
= P ((da)'-- 1 (dp) + ad(E-\d0))^ = 
= P ((da)E-\d(3)j 
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for Pad(E~ 1 (dVi)) = 0. Since = ( / 9 1 a 2 )~ 1 lc 2 , we conclude that F v is 
proportional to da A d/3, as a 2-form. 

It is then a straightforward calculation to show that each entry of daf\d(3 
belongs to fi^; indeed: 




da A dp = I — dx±2> —dx 2 2' A 




dX22> —dx2v 

—dx\2> dxn' 



—dX\ydX22' + dX2\'dX\2' dX\\idX2V — dX2\'dX\\i 

—dX\2'dX22> + dX22'dX\2> dX\2'dX2V — dX22'dX\\i 



Applying the commutation relations (|41j). we obtain: 

-{dX\ydX22' + dXi2'dX2v) 1dX\ydX2V 

da A d(3 = | — 2ofo;i2'Gfo;22' dxiydx^ + dx^dx^v 





Comparison with completes the proof. □ 

The same procedure can be used to construct complex quantum instan- 
tons on 971^; consider the maps: 

defined as follows: 

/ B n ® 1 - y 2 2> \ / B 2 i <g> 1 + 2/21' 

«i = 5i2 <8> 1 + 1 ® 2/12' and a 2 = -B22 <8> 1 - 1 <8> 2/11' 
\ / V J 2 ®1 

ft = ( -B 12 <g> 1 - 1 <g> 2/12- Bn (8) 1 - 1 ® 2/22' «i ® 1 ) 

& = ( --B22 ® 1 + 1 ® 2/ii' B 2 i ® 1 + 1 <8 2/21' i 2 ®l) 

Again, we set a : (F©F) ®97tJ -> W ®Wl J q and /3 : W<g)97tJ -> (V©V)<8>0JlJ 
given by: 



a 



( «i a 2 ) and /3 = ^ ^ 2 J 



36 



It follows that if B is C-regular, then E = (5a = /?ia 2 l C 2 is an isomorphism so 
that E = ker (3 is a finitely generated free right OTT^-module; an anti-self-dual 
connection is again produced via the projection formula. 

The consistency map V is obtained by restricting the obvious map W <g) 
OJl^det(x)- 1 ] OJl^det(y)- 1 ], see (jSZD; further details can be found in 



Finally, it is easy to see that GL(V)-equivalent complex ADHM data will 
lead to gauge equivalent quantum instantons (see j3]). Our next result is the 
following: 

Theorem 27. There is a well-defined map from the set of equivalence classes 
of C-regular solutions of the complex ADHM equations to the moduli space 
of gauge equivalence classes of complex quantum instantons on 

By Proposition C-stability is a necessary condition for the ADHM 
construction of instanton, possibly also sufficient. In that case, the domain 
of the map in the theorem would be enlarged to the set of equivalence classes 
of C-stable solutions of the complex ADHM equations. 

3.3 Quantum Laplacian and admissibility 

In this final section we will relate the admissibility condition for sheaves 
on P 3 and solutions of the Laplace equation in the quantum Minkowski 
space-time thus extending the classical Penrose correspondence [T5] . 
A g-deformation of the Penrose transform with the quantum, rather than 
classical, twistor space has been studied in ^3] (see also the references in 

We begin by constructing the quantum counterpart of the Laplace equa- 
tion. Let us define the quantum partial derivatives d rs i by the relation: 

df = (dwf) dxiv + (dis'f) dxiy + (d 2 vf) dx 2 v + (d 2 2>f) dx 2 y (48) 
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(51) 



where / G 971*. Then the property d 2 = implies the following commutation 
relations: 

dii'd^i' = d^i'du', d\2'd22> — <922'<9i2'? (49) 
[diy,d 22 ,) + [d 12 ,,d 21 ,] = (50) 

dn'di2' = q~ 2 di2idn>, 821' d 2 2' — 9 _2 <922'^2i 
di2'd 2 i' = q d 2 yd\ 2 i 

We define the quantum Laplacian by: 

□as = ^ll'^22' - 9 2 i/5i 2 / = <9 22 '<9ll> ~ d 12 >d 2V , (52) 

Alternatively, note that the quantum Laplacian can also be expressed via the 
Hodge star involution, just as in the classical case: 

□x = *d * d , (53) 

where the Hodge star on 0- and 1-forms is defined by the following (cf. j^J 
Section 2.1]): 

* 1 = q~ l dx\y A dxi2' A dx 2 y A d%22' = qd%22' A d%2v A dxw A dx\y (54) 
*dxw = —-^dxiy A dxi2> A dx 2 y 



*dXi2' = — -k\dXi 2 i A dX22' A dx\y 

*dx2y = —-M\dx 2 y A dx\y A dx 2 2> 



*dx 2 2> = —jk\dx22' A dx 2 y A dxi 2 < 



[2] ^ ' ' — " ' ' " C55) 

[2] f 
[2]' 

where [n] for n£Z, denotes the quantum integer (g n — q~ n )/(q — q^ 1 )- 
We will now present a basis of solutions of the quantum Laplace equation 

D x f = , fem\ (56) 

in integral form, exactly as in the classical case 

Proposition 28. The following elements: 

X l mn = ^- j(x iv s + X2y) l - m (x l2 ,s + x 2 2>) l+m s n - 1 - 1 ds , (57) 
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—l<n,m<l, I G -Z + , n,m = /(mod 1) 

/orm a fraszs of solutions of the quantum Laplace equation \5b}) . where the 
integration variable s commutes with the generators Xkv- 

Proof. First we will show that the above elements satisfy the quantum Laplace 
equation. We note that since 

(x\yS + X 2V )(x 12 'S + %22') = (Xu'S + X 22 ')(x n >S + X 2V ) 

the expression (JSTj) does not depend on the order of the factors. Also, the 
commutation relations (J4Uj) imply in particular: 

(dxu'S + dx 2 i')(xu'S + x 2 y) = p 2 (x n >s + x 2 y)(dx 11 'S + dx 2 v) (58) 

(dx l2 'S + dx 2 2> ) (xw s + x 22 > ) = p 2 (x l2 <s + x 22 > ) (dx 12 > s + dx 22 < ) (59) 
for p = q ±l and also 

(dxu'S + dx 21 ')(xi 2 'S + x 22 >) = p 2 (x l2 <s + x 22 >)(dxiys + dx 2V ) (60) 

for p = q only and 

(dx 12 'S + dx 22 i)(xiyS + X 2 y) = p 2 (xiyS + X 2 y)(dxi 2 >S + dx 22 >) (61) 

for p = q" 1 only. Therefore, in the computation of the differential dX l mn , the 
order of factors has to be chosen accordingly. For p = q we obtain: 

dX l mn = ^~fd ({x 1V 8 + x 21 ,y- m (x 12 ,s + x 22 ,) l+m ) s"-'" 1 ds = 
^ ) f ( Xll ' s + x 2i'Y~ m (x 12 'S + x 22 i) l+m - l (dx 12 ,s + dx 22l )s n ~ 1 - 1 ds+ 

k=0 J ^ 

^2 q 2k j j{x lv s + x 2 r) / ~ ?n " 1 (^i2'S + x 22 ,) l+m {dxi V s + dx 2V )s n - l ~ l ds 



\k=l+m 
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Similarly, for p = q 1 we obtain: 

dX l mn = ^~fd ((si** + x 2V ) l+m (x lv s + x 2V ) l - m ) s"-'" 1 ds = 

— m— 1 \ « 

V~ 2k ) f (xi2is+X22iy +m (xn>s+X2ii) l ~ m ~ 1 (dxn'S+dx 2 ii)s n - 1 - 1 ds+ 

+ f Q~] j{Xl2'S + X22>) l+m ~ l {XlvS + X2v) l ~ m {dx 1 2>S + dX22>)s n - l ~ 1 ds 

\k=l—m / 

These yield the explicit expressions for the quantum partial derivatives, which 
can be written uniformly for p = q ±l as follows: 



2 

ra+|)(m-±) 

2 

n-i)(m+i) 



(62) 



>-i)(m-i) 



^i2'^L = p 2 '- 1 ?" 1 "' [z + m] x; 

= P 2/ -V + ' [Z - m] X] 

d 2 2'X l mn = pa-i g — ' [z + m] x;;_%, 

The relations (|62|) immediately imply: 

□A = (63) 

Finally, we need to argue that any solution of the quantum Laplace equa- 
tions (J5fij) is a (complex) linear combination of the ones above. In fact, as in 
the classical case, the elements: 

(det(x)) k X l nm ,fceZ +1 l6^ +1 -l<n,m<l (64) 

where det(x) = xn'X 2 2' - x 12 >X22> = - x 2 i'Xi 2 ' 

form a basis of Wl 1 , since they are linearly independent (even for q — 1), and 
the number of elements of fixed degree in (JMj) is the same as the number 
of ordered monomials (J3%|) on the four variables x rs >, which also compose a 
basis of 9Jt*. 

On the other hand, for q — 1, the elements (|64|) with = form a basis 
of solutions of the Laplace equations, known as harmonic polynomials, and 
this space cannot increase for generic or formal parameter q. □ 
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In fact, one can prove an explicit quantum analog of the spectral de- 
composition of the Laplace operator, which contains, as a special case, the 
statement of the Proposition 34. 

Proposition 29. The basis \64\j consists of eigenfunctions of the operator 

D x = det(x) • D x (65) 
with eigenvalues p 2k+2l ~ 3 [k] [k + 2/ + 1]. 

The proof requires an elementary quantum calculus, which will be given 
in Appendix O 

Now we would like to reinterpret Proposition |2H m terms of the sheaf 
cohomology of P 1 = P 3 \ £oo. We will consider a covering of P 1 by its two 
simply connected patches: 

Pj 1} = {[ x : y : z : w] G P 3 | z ^ 0} 

Pj 2) = {[ x : y : z : w] G P 3 | w ^ 0} 

Then the elements of F^P 1 , O p i(-2)) can be represented by transition func- 
tions which are rational in x,y,z,w of degree —2, with singularities along 
the hyperplanes {z = 0} and {w = 0}. A natural basis of such functions is 
given by the Laurent monomials 

yX— m yl+m ^ 



Z 



l-n+1 yjl+n+1 ' 2 



, I G -Z+ , — I < n,m < I . (66) 



The quantum Penrose transform assigns to an element of this basis the 
quantum harmonic polynomials X l nm via the formula (|57[). Thus we can 
restate Proposition I2*%1 as follows. 

Proposition 30. There is an isomorphism 

iJ 1 (P I ,C P i(-2)) -=+ kerB, 
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given by the integral formula 

f(x, y,z,w) i-> — / f(x iv s + x 2V ,x 12 ,s + x 22 >, s, 1) ds 
2m J 

where f represents a cocycle in H 1 (F 1 , CV(— 2)) ; that is, a linear combination 
of the terms in 

Next we will extend this isomorphisms to more general vector bundles 
over P 1 . More precisely, if a vector bundle £ l — > P 1 is admissible (i.e. it is 
the restriction of an admissible vector bundle £ — > P 3 to P 1 ), then a class in 
H l (F l , £ l (— 2)) can be represented by a cocycle / = (/i, • ■ • , f r ), where r is 
the rank of £ l , and each is a linear combination of the terms in ()66|). 

On the other hand, given a complex quantum instanton (E, V^) on 971* 
we define the quantum coupled Laplacian by generalizing 1531) : 

□^ = *V A *V^ . (67) 

To any given admissible vector bundle £ l — > P 1 we can associate a regular 
ADHM data S, which can then be used to construct a complex quantum in- 
stanton (E, Va) on 9JT*. For £ l and Va) related as above, our next theo- 
rem generalizes the classical Penrose correspondence between H 1 (F I ,£ I (—2)) 
and the set of solutions of the coupled quantum Laplace equation. 

Theorem 31. There is an isomorphism 

fT 1 (P I J f I (-2)) -^kerD^ 

given by the integral formula 

f(x, y,z,w) i-> Lp = ^— j ^~ l f{xi V s + x 2 r,x 12 is + x 22 >,s, 1) ds 

Proof. First recall that there is a gauge such that = d — (c^/ -1 ) 1 ]/. We 
then have: 

V A <P = ^- <p{d- (c/^" 1 )*)*~ 1 /(xii/s + X2i',xi2'S + x 2 2',s, 1) ds = 
2m J 

= (idV-^f + V-'df-id*- 1 )?) ds = ^-j(^>' 1 df) ds 
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By the same token, it follows that: 

\j£<p = j{d - (d^- 1 )^- 1 ^/) ds = 

= I ^-im * df) ds = — I ^- x (n x f) ds = 

2wi J 2ixi J 

since D x f = by Proposition |30] □ 

We now consider global solutions of the quantum Laplace equation on 
9Jt P) q. To do that, we have to check the consistency of the solutions in 971* 
and SEJtJ. 

We introduce the following elements of 971^: 



yL = ^-A (vn't + yi2>) l - n (y2i>t + y22') l+n t m - 1 - 1 dt , 



2ni _ 

—l<n,m<l, I E > n -, m = ^(mod 1) . 

Then one defines the quantum partial derivatives and the quantum Laplacian 
Dy in 971^ as above. The counterparts of Propositions EHl and EH1 hold with 
the eigenvalues of D y being equal to p~ 2k ~ 2l+3 [k] [k + 21 + 1] on the basis 
elements (det(2/)) fc Y^ m , where det(y) was defined in Section l3~T1 

Including the negative powers of det(y) in the above basis and the negative 
powers of det(x) in the basis (JB3J) . we obtain two bases of 97t* J . We can also 
extend the quantum Laplacians U x and O y in 97l* J so that Proposition 
and its counterpart in the y generators hold. The comparison between the 
two systems of coordinates gives essentially the same result as in the classical 
q — 1 case. 

Proposition 32. In 071", one has: 

• (det(x)) k X l nm is proportional to (det(y))~ k ~ 2l Yj irn ; 

• a=p- 8 (det( 2 /))D y (det( 2 /))- 1 . 
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Proof. The first statement follows from the definitions (|57|) and (|68|) ; for the 
details, see Appendix O 

The second identity follows from the comparison of the eigenvalues of the 
two operators in the proportional bases (det(x)) k X l nm and (det(y))~ k ~ 2l Y^ m , 
as computed in Proposition It can also be verified directly by relating 
the partial derivatives with respect to x^v and ykv- □ 

Thus, as in the classical case, we conclude that there are no consistent 
solutions to the scalar quantum Laplace equation in the (compactified) quan- 
tum Minkowski space-time Q7l Pi<7 . With Proposition |3U] in mind, this non- 
existence statement corresponds to the fact that iJ 1 (P 3 , 0(— 2)) = 0. 

More generally, let £ be an admissible vector bundle over P 3 , to which 
we can associate, via the intermediate C-regular ADHM datum, a complex 
quantum instanton (Ei, Vi; Ej, Vj) over 90t p (? . Taking the non-existence of 
consistent solutions to the scalar quantum Laplace equation to the context 
of Theorem |^ we conclude that there are no consistent solutions to the 
coupled quantum Laplace equation. This in turn corresponds to the vanishing 
of J ff 1 (P 3 ,^(-2)). 

In a future paper, we plan to establish the reverse correspondence: given 
a complex quantum instanton over ^Jt Ptq , we will associate directly an admis- 
sible vector bundle over P 3 . This will generalize the celebrated Penrose- Ward 
corresp ondence . 

A Moduli space of stable ADHM data 

Here we recall the proof that A4 (r, c) is a smooth complex manifold of dimen- 
sion 2rc; some of the arguments were relevant in Section n~2l for the proof of 
Theorem |H1 Our arguments are inspired by jHl E3 E] • 

Let V and W be complex vector spaces, with dimensions c and r, respec- 
tively, and set W = V © V © W. Define also: 

B = Hom(V, V) © Hom(V, V) © Hom(W / , V) © Hom(V, W) 
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A point (B k ,i,j) £ B (k = 1,2) is called a ADHM datum. As mentioned 
above, the groups GL(V) and GL(W) act on B in the following way: 

g-(B k ,i,j) = (gB^^iJg- 1 ) , g £ GL(V) (69) 

g-(B k ,i,j) = (B k ,ig-\gj) , g £ GL(W) (70) 

Theorem 33. Al(r, c) a smooth, complex manifold of dimension 2rc. 

Indeed, it is known that A4(r,c) is non-empty for all r, c > 1. Further- 
more, it can be shown that A4(r,c) is a simply-connected quasi-projective 
algebraic variety ^3] and that it admits a complete hyperkahler metric [TU] . 
The strategy of the proof goes as follows; considering the map: 

H : B st -f Hom(^, ^) 
n{B u B^i,j) = [B u B 2 ]+ij 

where B st is the open subset of stable ADHM data. We first show that 
GL(V) acts freely in B st , and that the action has a closed graph; we then 
show that yU~ 1 (0) is indeed a complex manifold of dimension 2rc + c 2 ; the 
desired result follows from general theory (see for instance the closed graph 
lemma in jB] and the references therein). 

Proposition 34. (Bi, B 2 , i, j) is stable if and only if: 

1. (Bi,B 2 , is not fixed of the GL{V) action; 

2. if X e Hom(^, V) satisfies [B X ,X\ = [B 2 , X] = Xi = 0, then X = 0. 

Proof. Suppose that (Bi, B 2 , is fixed by some g ^ ly £ GL(V), so that, 
gBkg~ l = B k (k = 1, 2) and gi = i. The former implies that ker(g — ly) is B k 
invariant, while the latter implies that ker(g — ly) C Imi, thus contradicting 
stability. 

For the second statement, Xi = implies that i(W) C kerX, while 
= implies that kerX is ^-invariant. Stability then implies that 
X = 0. □ 
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Proposition 35. The action \6ty) has a closed graph, i.e. the set 

r = {(X, Y) G B st x B st | Y = g ■ X for some g G GL(V)} 

is closed in B st x B st . In other words, GL(V) acts properly in B st . 

Proof. Let {X k } be a sequence in B st , while {g k } denotes a sequence in 
GL(V); assuming that: 

lim X k = Xoo and lim g k ■ X k = Y OQ , 

k— *oo k-^oo 

we must show that Y^ = g^ ■ Xoo for some g^ G GL(V), or equivalently 
that the sequence {g k } converges to g^ G GL(V). 

Indeed, for any given X = (Bi, B 2 , i,j) G B st we consider the map R{X) : 
W® c2 — > V given by (1 < m, n < c — 1): 

R(X) = i © ■ ■ • © B?B%i © ■ • • © B^B^-H . 

Note that gR(X) = R(g ■ X) for any g G GL(V). 

Furthermore, R(X) is surjective if and only if X is stable. Indeed, if 
X = (Bi, B 2 ,i, j) is not stable, then there is v G V* such that B^v = 
Xiv, B 2 v = X 2 v and i*v = 0; hence R*v = so that R is not surjective. 
Conversely, if R is not surjective, then S = Im i? is a proper subspace of 1/; 
clearly, S is Si and S2 invariant, and i(W) C S 1 , hence X is not stable. 

The sequence of maps R(X k ) converges to R(X 00 ); thus, there is a se- 
quence of maps T k G Hom(V, W®° 2 ) converging to a map G Hom(V, l^® c2 ) 
such that: 

W® c2 = ker i2(X fc ) © Im T k = ker i^X^) © Im T^ 

It then follows that R{X k )T k and R{X 00 )T 00 are invertible as operators on 
V. 

Now set 3^ = i?(F 00 )T 00 [ J R(X 00 )T 00 ]- 1 G GL(^). Thus: 

^ = gdRiXjTdiRiXjn]- 1 = \R{g k X k )T k ][R{X k )T k }- 1 
and g k converges to g^. □ 
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Proposition 36. B = {B\, B 2 ,i,j) is stable if and only if the derivative map 
Dgfi : B — »■ Hom(V, V) is surjective. 

This means that is a regular value of the map /i, hence /x _1 (0) is a 
smooth complex manifold of dimension 2rc + c 2 . 

Proof. Taking (pi, b 2 , c, d) G B, the derivative map is given by: 

DgKh, b 2 , c, d) = [61, B 2 ] + [Bi, b 2 ] +id + cj 

Let X e Hom(V, V) be orthogonal to the image of Dg[i, that is 

Tr(D B ii(bx, b 2 , c, d)X jf ) = , V(6i, b 2 , c, d) . 

Then in particular: 

Tr([h, B 2 ]X^) = Tr^fXt, B 2 \) = V6 X 

Tt([fli,&2prt) = TrdXt,^]^) = V6 2 

Tr(zdX f ) = Tr(X f zd) = Vd 

Hence [X*, £1] = [X+, B x ] = XH = 0, so X = by Proposition El □ 

Since GL(V) acts freely and properly on the smooth manifold /i _1 (0), 
this completes the proof of Theorem 1221 To conclude this section, we also 
remark upon the following statements, in which by irregular we mean neither 
stable nor costable: 

Proposition 37. Every solution of (QJ) and is: 

1. stable, if £ > 0; 

2. costable, if £ < 0; 

3. either regular or irregular, if £ = 0. 
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Proof. For the first statement, if {B\, B 2 ,i,j) is not stable, then by duality 
on V there is a proper subspace S x C V such that B^S- 1 -) C S 1 - and 
S x C keriL So restricting (J2J) to S f - L and taking the trace, we conclude that 

Tr(iJ\ s ±.) = £ • dimS + Tr(j f j| 5 ±) > 

which yields a contradiction. The proof of the second statement is similar, 
while the third statement can be found at jH Lemma 2]. □ 

It is interesting to compare the third part of Proposition E3 with Remark 
[7| the complex equations are a much more flexible than the real ones. 

Proposition 38. 11 (A p. 24]- Let r — 1. Every stable solution of (QJ) has 
j = 0. In particular, there are no regular solutions for r = 1 and £ = 0. 

B Cohomological calculations 

We collect here the proofs for various facts used in Section |21 

Proposition 39. Let £ be an admissible torsion-free sheaf over P 3 with 
ch(S) = r — c[H] 2 and such that £\i oa = Of r . The following hold: 

1. h\F\£(-l)) = - X (£(-l))=c; 

2. /^(P 3 , £ <g> fijs) = -x{£ ® ftps) = c + 2r; 
5. ^(P 3 ,^ (8)^3(1)) = -x(£®fi2s(l)) = c; 
^ ff 1 (P 3 ,5(g)02 3 (i))~ jH "i(p3 )( r(_ 1 )). 

Proof. Let us first spell out the admissibility condition more precisely: 

H°(F 3 ,£(k)) = 0, Vfc<-1 J ff 1 (P 3 ,^(A;)) = 0, VA; < -2 

# 2 (P 3 , £ (Jfe)) = 0, \/k<-2 H 3 (P 3 ,£(k)) = 0, \/k<-3 ^ } 

The first statement then follows immediately from admissibility, and it only 
remains for us to show that 1)) = — c. Indeed, note that: 

ch(£(-l)) = r - rh + + c ) /i 2 + + c) /* 3 
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td(P 3 ) = 1 + 2h + — h 2 + h 3 

A. _ 

Hence it follows: 

x(5(-i)) = / ch(£(-l))td(P 3 ) = -c 
Now consider the Euler sequence for 1-forms: 

-> 0^3 -> Pp3(-1) -> C P 3 -> (72) 

4 

from which we conclude that: 

ch(njs) = 3 - 4/i + 2/i 2 + -fr 3 

3 

ch(£ ® Qj 3 ) = 3r + 4r/i - (3c - 2r)/i 2 - (y + 4c^ /i 3 
Using Riemann-Roch again we obtain: 

X(£®tt 1 p3 )= [ ch(£®£4 3 )td(P 3 ) = -c-2r 

Tensoring (|72jl by £ we obtain the exact sequence: 

T0T L (£,O&)^£®S% a ^0£(-l)^£^O 

4 

But the first term vanishes because Op3 is a locally-free sheaf. Therefore we 
have: 

O->£®fij3->0£(-l)->£->O (73) 

4 

At the level of cohomology, one obtains: 

#°(P 3 , £ ® fi^) #°(P 3 , f (-1)) 

4 

and since #°(P 3 , £(-1)) = 0, it follows that #°(P 3 , £ <g> 0* 3 ) = 0. Moreover, 
f!73|) also implies that: 

4 
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Since the first and third groups vanish by admissibility, we obtain if 3 (P 3 , £® 

fi^) = 0. 

The Euler sequence for 3-forms is given by: 

-> Q 3 3 -> O p3 (-3) Q£ 3 -»■ (74) 

4 

Recalling that f2p 3 = 0^(— 4) and tensoring |J7%|) by 5(1), we obtain: 

O->£(-3)->0£(-2)->£<g>fi£ 3 (l)->O (75) 

4 

Since ff 2 (P 3 , £(— 2)) = for all p, it follows from the cohomology sequence 
associated with (|75j) that: 

iP(P 3 ,£®0^(l)) ~# p+1 (P 3 ,£(-3)) (76) 

thus H p (¥ 3 ,£ g> n|a(l)) = for p = 0,2,3 by admissibility The sequence 
(|75)l can also be used to compute the Chern character of £ <g> Q 2 a (l); indeed, 

ch(5®n2 3 (i)) = 4ch(£(-2))-ch(£(-3)) = 

= 3r - 5r/i + f y ~ 3c^) h 2 + ^5c - ^ ] h 3 

It then follows that: 

X(£®fipa(l))= / Ch(£®^ 3(1))td(p3) = _ c 



what completes the proof of the third statement. 

To complete the proof of the second statement, it only remains for us to 
show that H 2 (P 3 ,£ ® Q^s) = 0. Tensoring the Euler sequence for 2-forms 

-> Q 2 r , -> C P3 (-2) -> ft p3 -> (77) 

6 

by £ we obtain: 

-> £® -> 0£(-2) -> ^®fipa -> (78) 

6 
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The associated cohomology sequence yields: 

0# 2 (P 3 ,£(-2)) -> # 2 (P 3 ,£®fi p3 ) -> # 3 (P 3 ,£®fi 2 3 ) ^ iJ 3 (p 3^ ( _ 2)) 

6 6 

Admissibility implies that the first and last groups vanish, hence if 2 (P 3 ,£ ® 
fi p3 ) ~ # 3 (P 3 ,£ ® fi 2 3 ). Now tensoring (JUJ) by 5 we get: 

->£(-4) -> 0£(-3) ->£<8>fi£s ->0 (79) 

4 

we conclude that if 3 (P 3 ,£ ® fi 2 3 ) = since if 3 (P 3 , £(-3)) = by admissi- 
bility 

Finally, let p be a plane containing ^oo, so that the restriction £| p yields 
a torsion-free sheaf on p which is trivial at ioo. Consider the sequence: 

- £(-p - 1) - £(-p) - £(-p)| p - 

Setting p = -2, we conclude that H 1 ^ 3 , 8 (-2)| p ) ~ # 2 (P 3 , £(-3)), since 
if 1 (P 3 ,£'(-2)) = F 2 (P 3 ,£(-2)) = by admissibility Then setting p = -1, 
we get that if 1 (P 3 , £(— l)| p ) — i? 1 (P 3 , £(— 1)) for the same reason. Together 
with (|76|). we have obtained the identifications 

i/ 1 (P 3 ,£®fi 2 3 (l)) ~# 2 (P 3 ,£(-3)) ~ 

~ i/ 1 (P 3 ,£(-2)| p ) ~ i/ 1 (P 3 ,£(-l)| p ) ~ H\F 3 , £(-!)) 

where the third identification follows from ^UJ page 20]. This completes the 
proof of the fourth statement. □ 

Proposition 40. Consider the following exact sequence of sheaves on a reg- 
ular algebraic variety V of dimension 3: 

O^A^B — >C^0 (80) 

where A and B are locally- free. Then: 
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1. C is torsion-free if and only if the localized map fix '■ Ax — ► Bx is 
infective away from a subset of codimension 2; 

2. C is reflexive if and only if the localized map fix '■ -Ax — ► Bx is injective 
away from a subset of codimension 3. 

3. C is locally-free if and only if the localized map fix '■ -Ax —* Bx is 
injective for all X e V. 

Proof. Dualizing the sequence ()8U|) we obtain: 

-> C* — > B* A* — ► Ext 1 ^, Ops) -> (81) 

It follows that Ext p (C, O w -s) = for p = 2, 3, and 

/ = supp (Ext 1 (C, Cp3)) = {X E V | fix is not injective} 

So it is now enough to argue that C is torsion-free if and only if dim / = 1 
and that C is reflexive if and only if dim / = 0. The third statement is clear. 
Recall that the m th -singularity set of a coherent sheaf T is given by: 

S m (F) = {X G P 3 | dh(F x ) > 3 - m} 

where dh(J- x ) stands for the homological dimension of T x as an C^-module: 

dh(T\-d <=► / Ext^(^.,a)^0 

1 Ext p ^ O x ) = Vp > d 

In the case at hand, we have that dh(J- x ) = 1 if X e /, and dh(J- x ) = 

if X £ /. Therefore 5 (C) = Si(C) = 0, while 5 2 (C) = /. It follows that [H 

Proposition 1.20] : 

• if dim 1 = 1, then dim S m (C) < m — 1 for all m < 3, hence C is a locally 
l st -syzygy sheaf; 

• if dim / = 0, then dim S m (C) < m — 2 for all m < 3, hence C is a locally 
2 nd -syzygy sheaf. 

The desired statements follow from the observation that C is torsion-free if 
and only if it is a locally l st -syzygy sheaf, while C is reflexive if and only if 
it is a locally 2 nd -syzygy sheaf [HJ page 148-149]. □ 
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C Quantum space-time calculations 

We collect here the proofs of various facts used in Section 13.31 

First, we will derive a few formulas for the differential forms on quantum 
Minkowski space-time DJl 1 . The commutation relations between Xiy and dxku 
imply: 

dxn' det(x) = p 2 det(x) dx\y 
dxiy det(x) = p 2 g" 2 det(x) dx± 2 ' 
dx2v det(a;) = p 2 q 2 det(x) dx%v 
dx22> det(x) = p 2 det(x) dx22' 

We also obtain: 

<i(det(x)) = dxu' x 22 ' + xu> dx 2 2' — dxi 2 > x 2 y — 212' dx 2 i> = (83) 
= p~ l q (xii>dx 22 i - Xi2'dx 2 v) + P~ l q~ l (x 2 2'dxi V - X2i>dx 12 >) 

Applying Leibnitz rule we obtain: 

d(/det(aO) = [Y,{d kV f)dx kV J det(x) + fd(det(x)) 
\ kl> J 

combining this with (|82j) and (|83|) we have: 

<9 U /(/det(a;)) = p 2 (d iv f) det(x) + p~ l q~ l fx 2 2' 

9i2'(/det(x)) = p 2 q- 2 (d 12 > f) det(x) -p- 1 q- 1 fx 2 y ^ 

d 2 r(fdet(x)) = p 2 q 2 {d 2 yf) det(x) - p~ l qfxi 2 < 

d 2 2'(f det(x)) = p 2 (d 2 2'f) det(x) + p~~ 1 qfx n > 

We introduce an operator: 

A x f = (divf)x lv + (d 12 >f)xx2> + (d 2 vf)x 2 v + (d 2 2'f)x 2 2' (85) 

and let D x denote the operator of multiplication by det(x) on the right. Then 
we have: 

Proposition 41. 

U X D X = p*D x B x + p 2 A x + (p~ 2 + 1) (86) 
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A X D X = p 2 D x A x + (p~ 2 + l)D x (87) 
D x X l nm =p 2l ~ 1 [2l]X l nm (88) 

Proof. Using (|84jl. we obtain: 

9ii'9 22 '(/det(x)) = p 4 (9ii/9 22 '/)det(x) + p~ l qf + pq~ 1 (d 22 'f)x 2 2' + 

+pq{d\v f)x lv + (p<? - l)(di2'f)x 12 ' + 
(pg - l)(9 2r /)x 2 i/ +p~ 1 q~\pq - l) 2 {d 22 if )x 22 > , 

and 

<9 2 i'<9i 2 /(/det(x)) =p 4 (9 2 i/9i 2 //)det(x) - p~ l q~ x f - p<T 1 (<9i2'./>i2'- 

-pq~ l {d 2 vf)x2V - (pq' 1 - l)(d iv f)x n/ - (pq~ l - q~ 2 )(d 2 2> f)x 22 > ■ 
This yields (JSEJ). Again using (|84|). we have: 

^(9 fc r(/det(x)))x fci / = (p 2 (d n >f) det(x) + p~ 1 q~ 1 fx 22 ') x n > + 

fcZ' 

+ (p 2 q~ 2 (d 12 'f) det(x) -p _1 g _1 /^2i') zi2' + 
+ (p 2 q 2 (d 2 i'f) det(x) - p^qfxw) x 2V + 
+ (p 2 (d 2 2'f) det(z) +p~ 1 gMi') x 22 / , 

which yields ([87)1 . 

For the third identity, we have already computed dX l nm in the proof of 
PropositionEHl The expression for D x X l nm is obtained from the one for dX l nm 
by replacing dx kV by x kV . □ 

The formulas in Proposition easily imply that the elements (j64j) are 
the eigenfunctions of A x and \3 X . Let: 

n x (det(x)) k X l nm = c k (det(x)) k X l nm 

A x (det(x)) k X l nm = d k (det(x)) k X l nm 
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Then the commutation relations (|86|) and (|87|) yield the following recurrent 
formulas: 

Cfc+i = p 4 c k + p 2 d k + p~ 2 + 1 , and , d k+ i = p 2 d k + p~ 2 + 1 

and we know from Propositions and 1411 that cq = and do = p 2 ' _1 [2Z]. A 
simple induction yields c k = p 2k+2l ~ 3 [k] [k + 2l + 2], as claimed in Proposition 

M 

Finally, we will prove Proposition E21 We note first a well-known fact in 
g-calculus: if 

ab = q~ 2 ba 

then (a + b) n = { " } ( 89 ) 

{n}\ 



where 



n 



r J {r}!{n - r}! ' 

g 2ri - 1 



W= {!}■■• W » and W 

g z — 1 

Now the expression (|BT|) immediately implies that, up to a constant, A"^ m 
is equal to a sum: 

™r rJ-m-r ^l~n-r r+m+n 
V^^1I1^__21^ 12' 22' ('qqN 

{r}! {/ — m — r}! {/ — n — r}\ {r + m + n}\ 

Since det(x) = (detd/)) -1 , it is enough to show that (|9T?j) is equal to (det(x)) 2 'F r ( m . 
Expanding as above we get: 

r Z-n-r l-m-r r+m+n 

(det(x)) 21 V ^±777^ 7777^ TTT^ TT ( 91 ) 

^ {r}\ {I - n - r}\ {I - m - r}\ {r + m + n}\ 

Expressing y k[ i as x k y j det(x), commuting all factors of (det(x))" 1 to the left 
and finally commuting x\^~ r and x l 2 lJ n ~ r , we reduce (j9~Tf to a sum of mono- 
mials as in (|9*n*j) . but with certain coefficients given by powers of q. An easy 
calculation shows that these powers do not depend on the summation index 
r, implying that the expressions in (|9~U|l and (}9Tj) are indeed proportional. 
This concludes the proof of Proposition 
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